TOTAL CURVATURES OF HOLONOMIC LINKS 



TOBIAS EKHOLM AND OLA WEISTRAND 



Abstract. A differential geometric characterization of the braid-index of a 
Unk is found. After multiplication by 27r, it equals the infimum of the sum 
of total curvature and total absolute torsion over holonomic representatives of 
the link. 

Upper and lower bounds for the infimum of total curvature over holonomic 
representatives of a link are given in terms of its braid- and bridge-index. 
Examples showing that these bounds are sharp arc constructed. 



1. Introduction 

Let Cfc denote the disjoint union of k circles. An isotopy class of embeddings 
Cfc — > M.^ will be called a (k-component) link. A 1-component link will be called a 
knot. 

A collection of loops c: Cfc — > M'^ is holonomic if it arises as the 2-jet ex- 
tension of a function f : Ck — > K- That is, in coordinates {xi,X2,X3) on R'^, 
c{t) = {f (t) , f (t) , f" (t)) , t e Ck- Vassiliev introduced holonomic loops in 
knot theory and proved that any tame link has a holonomic representative. Later, 
Birman and Wrinkle proved that if two holonomic embeddings Ck are 
isotopic then they are isotopic through holonomic embeddings. 

The curvature k{L) and curvature-torsion {k, -\- t){L) of a link L are the infima 
of total curvature and of the sum of total curvature and total absolute torsion, 
respectively, over all embeddings representing L. These invariants were defined by 
Milnor Q, Q. He proved that if L is any link then k{L) = 27rbridge(L), where 
bridge(L), the bridge-index of L, equals the minimal number of over-arcs in a link- 
diagram representing L, and (k -|- t){L) is an integral multiple of 27r. 

Further results on the curvature-torsion invariant were found by Honma and 
Saeki |^. They proved if L is any link then (k + r)(L) < 2k{L) — 2n and showed 
that the difference between 27rbraid(L), where braid(L), the braid-index of L, equals 
the minimal number of strands in a closed braid representing L, and (k + t){L) 
may be strictly positive (and actually arbitrarily large) . 

In this paper, we shall study the holonomic curvature Khoi and holonomic curva- 
ture-torsion (K + r)hoi- For a link L, Khoi(i) and {k,-\-t\o\{L) are the infima of total 
curvature and of the sum of total curvature and total absolute torsion, respectively, 
over all holonomic embeddings representing L (see Section H). 

Theorem 1. For any link L, 

(k + T)hoi(i) = 27rbraid(L). 

Theorem ^ is proved in Section |^. It gives a differential geometric characterization 
of the braid-index. 
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Theorem 2. For any link L, 

A(braid(L) - bridge(L)) + 27rbridge(L) < Khoi(i) < 27rbraid(i), (1) 

where 2 A is the area on the unit sphere §^ — {(x, y, z) g M'^ : + + = 1} of 
the region defined by the inequality y^ — Axz > 0. 

Theorem || is proved in Section ^. The constant A = (1.29 . . . )7r can be expressed 
in terms of elhptic integrals. 

For hnks L with bridge(i) — braid(L) the inequahties (|l|) are equahties. Hence, 
the upper bound in is best possible. So is the lower bound: 

Proposition 1. For any m > 2, j > 1 there exists a knot K{m,j) such that 
hTidge{K{m, j)) = m, braid(iir(m, j)) = m + j , and Khoi{K) = Aj + 27rm. 

Proposition |l] is proved in Section ^. Knots with properties as stated in Proposi- 
tion |l| are defined in Section ||. 

Theorem ^ gives rise to the following question: 

Question 1. Is it true that 

A(braid(i) - bridge(L)) + 27rbridgc(L) = Khoi(i), 

for all links L ? 

An afhrmative answer would give a differential geometric characterization of the 
difference between braid- and bridge-index. A negative answer would give a new 
link invariant: Khoi — 27r bridge. 

The space £hoi of holonomic embeddings Ck — > K'^ is a subspace of the space 
£ of all embeddings . The result of Birman and Wrinkel mentioned above implies 
that the inclusion f hoi C £ induces an isomorphism on ttq. Theorems and || shows 
that there are (in a sense large) open subsets of £ which do not intersect £hoi- 

2. Holonomic curvature and curvature-torsion 

2.1. Holonomic curvature. If c is a continuous closed space curve we denote its 
total curvature, as defined in Q], p. 251, by nds. 

Lemma 1. Let c be a continuous closed space curve. Then 

Kds~- j ii{c,v) dA{v), (2) 

where dA is the area form on the unit sphere S'^ C M.^ and /i(c, v) is the number of 
local maxima of the function t l—^ {c{t),v). (The symbol (,) denotes the standard 
inner-product on M.^.) 

Proof This is Theorem 3.1 in Q. □ 

Remark 1. Equation (^) could be taken as definition of total curvature. 

Remark 2. If c is a space curve with continuous unit tangent vector ei then the 
total curvature of c equals the length on the unit sphere §^ C M.^ of the curve traced 
out by ei. 

If c is a twice continuously differentiable curve with everywhere defined curvature 
function k then the total curvature of c equals the integral over c of Kds, where ds 
is the arclength-element. 
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Definition 1. The holonomic curvature of a link L is the infimum of J^nds over 
all holonomic representatives c of L. 

2.2. Holonomic curvature-torsion. A three times continuously differentiable 
curve c: [a,b] — > R'^ is called non- degenerate if c'(t) and c"{t) are linearly inde- 
pendent for every t g [a,b]. If c is non-degenerate then its curvature and torsion 
functions k and r are defined and k > 0. 

Definition 2. The sum of total curvature and total absolute torsion of a non- 
degenerate curve c is 



where ds is the arclength- element. 

We shall be concerned with holonomic curves and so would like to describe the 
set of functions /: Cfc — s- R with 2-jet extensions which are non-degenerate curves. 

Definition 3. A function /: Cfc — > R is torsion-generic if its associated holonomic 
curve is non-degenerate. 

Proposition 2. The set of non-torsion-generic functions Ck —>■ R'^ has codimen- 
sion 2 in the space of all smooth functions Ck — > R'^. (That is, non-torsion- generic 
functions can he avoided in generic 1-parameter families of functions and in generic 
2-parameter families they appear at isolated points.) 

Proof. Let (i, zq, xi, a;2, 2:3, 2:4) G 5^ x R"' be coordinates on the jet-space (5^, R) 
and let N be the locus of the equations 



Then A'' is an algebraic subvariety of J^{S^ x R"*). The non-singular part of is a 
submanifold of codimension 2 and the singular part of A^ equals Vi U V2 where Vi 
is the locus of X2 = 2:3 = X4 = and V2 the locus of xi = X2 — = 0. 

A function / : 5^ — > R is non-torsion-generic if and only if its 4-jet extension j'^f 
satisfies j^f[S^) n A 7^ 0. Applying the jet-trans versality theorem, the proposition 
follows. □ 

Definition 4. The holonomic curvature-torsion of a link L is the infimum of J^{k+ 
\t\) ds over all torsion-generic holonomic representatives c of L. 



Let (xi , X2, X3) be coordinates on and let j > 1 be an integer. Let / : Cj — > R 
be a generic (as defined in 0, Proposition 1, (i), (a)) and torsion-generic function 
such that the embedding c: Cj R^, c{t) = {f{t),f'{t),f"{t)), t £ Cj represents 
the link L. 

Let n be the number of local maxima of /. By performing a sequence of holo- 
nomic second Reidemeister moves (more precisely, moves as shown in Fig. le) we 
can assure that any local maximum of / is larger than the largest local minimum. 
The projection of the holonomic curve of / onto the xiX2-plane, endowed with 
over/undcr-information, is then a closed braid on n strands. Thus, n > braid(i). 
Since the linking number of c and the xi-axis is —n, it follows from Q Theorem 3 
that 




X1X3 — X2 = 0, X1X4 — X2X3 = 0, X2X4 — = 0. 



3. Proof of Theorem [l] 
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{k + \t\) ds > 27m. 

Noting that the set of generic functions is open and dense in the space of all functions 
Cfe K, we conclude that {k + T)hoi(i) > 27rbraid(i). 

Theorem 1 in j^] implies that L has a holonomic representative such that its 
diagram D in the a;iX2-plane is the diagram of a closed braid on braid(L) strands. 
(The diagram D has all its negative crossings in the upper half-plane (x2 > 0) and 
all positive ones in the lower.) It is clear that we can deform D into a new diagram 
D' which represents L, which is such that, when looked upon as a collection of plane 
curves, it has nowhere vanishing curvature, and which satisfies conditions (a)-(d) 
of Proposition 1, (i) in Then (ii) of Proposition 1 in |^ implies that D' is the 
diagram of a holonomic representative of L, associated to, say, g: Cj R. We may 
assume (see Lemma ^ that g is torsion-generic. 

It will be convenient to look upon g as a function defined on a collection of 
intervals rather than on Ck- That is, g: |Ji=i I^' -^^«] ^ 5(0) = 9{^'h) fo^' 
1 < * < J- 

Let fc > be a real number. Then the collection of holonomic curves (c(/c)) (t) = 
{g{kt),kg'{kt),Pg"{kt)), t e ULi [O' f"] represents L. As k 0, c(fc) ap- 
proaches a collection of curves in the xia:2-plane with nowhere vanishing curvature 
and total tangential degree 27rbraid(L). It follows that 

lim / (k + ItI) ds = 27rbraid(L). 
Thus, (k + T)hoi(i) < 27rbraid(i). □ 

4. Proof of Theorem |2| 

The last part of the proof of Theorem]^, implies that Khoi(-^) < 27rbraid(L). To 
prove the other inequality 

A(braid(L) - bridge(L)) + 27rbridge(L) < Khoi(i) (3) 

we use the following lemma: 

Lemma 2. Let /: S*^ — > R have at least 2n local extrema and only non-degenerate 
critical points. Then for almost every v = (x, y, z) G C M'^ such that y^—Axz > 0, 
the function 

h,{t) = xf{t)+yf'{t) + zf"{t) 
has at least n local maxima. 

Proof. Let a g K be a coordinate on RP^, a i-^ [1, a], where rj] are homogeneous 
coordinates on KP^. Consider the function ga{t) = f{t) + af'{t). The function / 
has at least n non-degenerate local maxima and n non-degenerate local minima. 
Between any two local maxima (minima) there is a local minimum (maximum). 
Thus, if a 7^ then g'^ changes sign between the critical points of / and hence ga 
has at least n local maxima (minima). (The latter is of course also true for the case 
a = and a = oo, goa(t) = f'{t)-) 

Consider the plane curve t i-^ c{t) — {f{t),f'{t)), t E (which is regular since 
the critical points of / are non-degenerate) . If t G S'^ is a critical point of ga then 
the tangent line of c at c{t) is [—a, 1]. Moreover, t is a degenerate critical point of 
ga if and only if the curvature K{t) of c at c{t) is zero. 



TOTAL CURVATURES OF HOLONOMIC LINKS 



5 



Let T{t) e denote the tangent line of c at c{t). If k^^O) ^ U C then 
T{U) is exactly the set of critical values of the map T: S'-'^ — > RP^. By Sard's 
theorem, T(U) C KP^ is a set of measure zero. Thus, for almost every a e R, 
has at least n non-degenerate local maxima (minima). 

Consider the function 

9ia,t) - (/ + a/') + Kf + af") =f+{a + b)f' + abf, {a, b) E . 

It follows from the above that for almost every (a, 6) € M^, g(a,b) has at least n 
local maxima. The map MP^, (a, 6) i-^ + b,ab] is a diffeomorphism 

onto its image when restricted to {(a, 6): a > b}. The image consists of points 
[1,?7, C] G RP^ such that 77^ — 4C > 0. This means that for almost every line 
[1, 77, C] S KP^ such that 77^ - 4C > 0, the function / + 77/' + C/" has at least n local 
maxima (minima). 

Taking preimages of the double cover §^ MP^, {x,y,z) 1-^ [x,y,z] we obtain 
the statement in the lemma. □ 

We now proceed with the proof of (||): Let t ^ c{t) = {f{t),f'{t),f"{t)) for some 
generic f'-Cj ^ R be a holonomic representative of L. Let C^,...,C^ be the 
components of Cj . Let fi and Ci be the restrictions of / and c, respectively, to . 
Let rii be the number of local maxima of fi and let n — "-i- Then, as in the 

proof of Theorem |l|, n > braid(L). 

Since all critical points of a generic function arc non-degenerate, Lemma |2| implies 
that for almost every direction v = {x,y,z) such that — Axz > 0, fi{ci,v) > rii. 
For V in the complementary region (7/^ — 4xz < 0) such that the projection onto 
the orthogonal complement of w gives a generic link diagram (a set of full measure), 
l^ici,v) > bridge(i), by definition of bridge(P). By Lemma |l|, 

[nds^^y^ [ fi{c,,v)dA{v) > AhiaidiK) + {271 - A) hndge{K). 



□ 



5. The knots K{m,j) 



Definition 5. For j > 1, define the knot K{2,j) to be the class of the (holonomic) 
embedding in Figure ^. 

Note that K2^i is the figure eight knot. 

Definition 6. For j > 1 and m>2, define the knot K{m,j) to be the connected 
sum of K{2,j) and m~2 right-handed trefoil knots (see Figure^. 

6. Proof of Proposition |i] 

The proof is a combination of lemmas which are stated here and proved later. 

Lemma 3. For m >2 and j > 1, the knot K{m,j) satisfies hridge^K (m, j)) — m 
and braid(ii'(r7T,, j)) = m + j . 



Lemma ^ is proved in Section 6.1 



To finish the proof, holonomic representatives of K{m,j) with total curvature 
arbitrarily close to Aj + 2TTm must be constructed. When this has been done for 
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Figure 1. Holonomic representatives of the knots K{2,j) 



m — 2 the other cases are easy. We therefore restrict attention to K{2,j). Before 
going into details, the argument will be outlined: 

In Lemma ^, we construct a family of non-closed holonomic curves with the 
following two properties: First, any curve in the family can be closed in such way 
that the result is a closed holonomic curve arbitrarily close to representatives of 
K{2,j). Second, the infimum of the total curvatures of the curves in the family is 

Aj + 27T. 

The curves in this family are however degenerate at the points where they have 
to be perturbed to give representatives of K{2,j). Hence, there is no guarantee 
that the required perturbation (even if it is very small) will give a small change in 
total curvature. 

In Lemma |[ we overcome this problem: By deforming the above curves in 
a specific way, a new family of curves is produced. The new family have the 
properties of the old family and, in addition to that, its members are curves which 
are non-degenerate where they must be perturbed to give representatives of K{2, j). 
This non-degeneracy warrants that the total curvature is continuous under small 
perturbations. 

Finally, we pick a curve in the new family with total curvature close enough to 
Aj + 2tt and make a small enough perturbation. In Lemma ^ we prove that it is 
possible to close the perturbed curve in such a way that the result is a holonomic 
representative of K{2,j) with total curvature as close as required to Aj + Att. 

We now go into details: Let M > and let ai, . . . , aj be points in [0, M]. For 
i = 1, . . . , j, let Ji — [ai — 2, a; -I- 2] and = [ai — l,ai + 1]. Assume that the 

n J; = for I ^ / and that Ji C (0, M) for every i. 

For odd n > 3, let /, „ : [0, M] ^ K be a function which satisfies 

fj.n (t) = - (< - aO" for t e /, , l<i< j, 

which has constant derivative in neighborhoods of the endpoints of [0, A/], and 
which has associated holonomic curve is as in Figure |^. (Note that the associated 
holonomic curve is non-closed). 

For A; > 0, let c{j,n, k) be the holonomic curve associated to the function t i-^ 
fj.n{kt), t S [O, ^] . Note that for n > 3, the curvature function of c{j, k, n) is not 
defined at the points where c(j, n, k) has contact of order n — 2 with a line in 
the a;3-direction. 



TOTAL CURVATURES OF HOLONOMIC LINKS 



7 





Lemma 4. 



Figure 2. The holonomic curve associated to 
lids = A{n)j + 27r, 



lim 

fc-»0 



c{j,n,k) 



Pit) 



where 2A{n) is the area on the unit sphere of the region {(x,y,z) £ 
4(2^) xz>0}. 

Lemma ^ is proved in Section 6^ . 

Let p: [0, M] — ^ M be a function which satisfies 

^-{t-aif forte/,, l<i<j, 
^0 for < e [0, M] - ULi 

For (5 > 0, let c(j, n, A:, (5) denote the holonomic curve associated to the function 
t 1-^ fj,n{kt) + Sp{kt), t e [0, ^] . Clearly, the curve c(j, n, k, S) is non-degenerate 
on [^^, , 1 < j < if (5 > is small enough. 

Lemma 5. LetO <a <1. //n > 2 (l - Vl - 2a2)"^ + 2 and < k < 1 then 



lim / Kds< Kds + 6B(a)j, 

where 2B{a) is the area on the unit sphere of the region {{x,y,z) e §^ : |a;| < 
a or \y\ < a or \z\ < a}. 

Lemma || is proved in Section 6^ . 

Let q: [0, M] — R be a function which satisfies 

_ Ut-ai) fovteh, I <i < j, 
\0 for t e [0, M] - ULi 

For f3 > 0, let c(j, n, k, S, 0) denote the holonomic curve associated to the function 



IS 



t h-^ f(kt) + 5p{kt) + (3q{kt), t G [O, f-] . Fix a smaU 5>0 such that c(j, n, fc, (5) 
non-degenerate along the support of t i— > p{kt). This non-degeneracy implies that 
the total curvature is continuous under small perturbation and therefore: 



lim / nds 

P^oJc{],n,k,S,fl) 



K ds. 



(4) 



c{j,n,k,5) 



8 



TOBIAS EKHOLM AND OLA WEISTRAND 



As mentioned in the outUne above, we need to close the holonomic curve 
c{j,n,k,6,P) so that the result is a holonomic representative of the knot K{2,j). 
It is easy to see that this is possible (see Figures || and ^) . The next lemma allows 
us to control the total curvature when closing the curve. 




c { j, n, k, 5) c { j, n, k, 5, P) 



Figure 3. The effect of adding f3q to /j.„ + 6p 



Lemma 6. Let c,u,d > be given constants and let s,a > 0. Then there exist 
S > and functions f,g: [—s,S + s]—fM. such that: 

(i) For t e [-S, 0], f{t) ^ ut + c and g{t) -dt - c. 

(ii) For te[S,S + s], f{t) = -d{t ~ S) + c and g{t) = u{t - S) - c. 

(iii) For all t, \ f'{t)\ < max(u,d) and \g'{t)\ < max(u,d). 

(iv) The total curvatures of the holonomic curves associated to f and g respectively 
are smaller than tt + a. 

Lemma ^ is proved in Section 6A . 

We are now in position to prove Proposition |^: The statements about bridge- 
and braid-index is just Lemma |^. 

Let e > be given. We must find a holonomic representative of K{m,j) with 
total curvature less than Aj + 2nm + e. We start with the case K{2,j): 

Choose a > such that B{a) < Choose n > 2 (l - \/l - 20^) + 2 such 
that A(n) — A < By Lemma ^ it is possible to find fc > such that 

Kds < Aj + 271 + -. 

c{j.n.k) 4 

Lemma |^ then implies that for S > small enough 

Kds < Aj + 27r + -, 

c(k,n,S) 2 

and c{j, n, k, S) is non-degenerate along the support oi t i-^ <l{kt), t e [O, ^] . By 
equation (^), for /3 > small enough 

Kds < Aj + 2tt 



L 



(j,n,k,S,l3) 4 

Finally, we close c{k, n, 5, (i) as in Figure^ (we add the dashed part). If u in Figure || 
is small enough then the resulting holonomic curve is a representative of K{2,j). 
Using Lemma ^, we can assure that it has total curvature less than Aj + Air + e. 
This proves the Proposition for K(2,j). 

The general case follows by noting that it is possible to add m — 2 holonomic 
trefoils to a holonomic representative of K{2,j), with total curvature smaller than 
Aj -\- An -\- ^, in such a way that the increase in total curvature is smaller than 
27r(rn - 2) -f § (see Figure |). □ 
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Figure 4. Closing the curve 




Figure 5. Adding trefoils to K{2,j) 



6.1. Proof of Lemma ^ Consider the representative of K{2, j) presented in Fig- 
ure |l|. li i third Reidemeister moves, moving all crossings except the three rightmost 
into the upper half plane are followed by j first Reidemeister moves removing the 
j uppermost crossings then the resulting (non-holonomic) embedding has exactly 
two maxima in the xi-direction. It follows that bridge(if (2, j)) < 2 but K{2,j) is 
knotted. Thus, bridge(ii:(2, j)) = 2. 

The bridge-index of the trefoil knot is 2 and hence hiidge{K{m, j)) — m, by the 
additivity properties of bridge-indices. 

Looking at the projection of the representative of K{2,j) in Figure |l| onto the 
a;2a;3-plane, we see that braid(i^(m, j)) < m + j. 

A straightforward induction shows that the HOMFLY-polynomial Px(2,j){z,v) 
of K(2,j), written as a Laurent polynomial in v with coefficients in Z[z, z~^], is of 
the form 

where . . . indicate a Laurent polynomial in v with terms of degrees strictly between 
the degrees of the terms written out. The HOMFLY-polynomial of the right-handed 
trefoil is (2 -f — w^. Since the HOMFLY-polynomial is multiplicative under 
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connected sum 



+ (-l)™-2^2(2m-3))^ 



Now, for any knot K, braid(/C) > ^v-spa.n{PK {z , v)) + 1 (see Morton [^) 
braid(iir(TO, j)) > to + j. 

6.2. Proof of Lemma H. Fix n. Let i7(fc) denote the umon of intervals 



Hence, 
□ 



Uik) 



0, 



u 

i=l 



1 a,; 



As A: ^ the restriction of the curve c(j, n. A:) to U{k), approaches parts of a plane 
curve with all its curvature concentrated at intersections with the a:i-axis. In the 
limit, this part of the curve contributes 2tt to the total curvature (see Figure ||). 

On [ "V^ ' °'fc"^ ] ' c(_7, n, fc) is a translate of the holonomic curve associated to 
t h— > — fc"i" on [— -I,-!]. It is straightforward to see that the factor — /c" does 
not affect the total curvature of this curve. Hence, in the limit as fc ^ 0, the 
contribution to the total curvature from each of these parts of c{j, n, k) is 



K ds. 



b(n) 



(5) 



where h{n) is the curve {t",nt"-\n{n - l)^-^)^ t e M. 

We use Lemma |^ to evaluate the integral (jsj). For a unit vector v = (x, y, z), let 



n-2 



h^,{t) = xr + nyf^^^ + n{n - l)zt' 

It is straightforward to check that has one local maximum for almost every v 
xz > and no local maximum for v in the complementary 

□ 



(a) 



such that — 4 
region on S^. 

6.3. Proof of Lemma |5|. Assume n > 5. Let 



J r 



a," — 2 a, 





M' 


, and U = 









- / 



The function t — > p{kt), t G [O, ^] has support in J and the curve c(j, n, k) can be 
taken non-degenerate in J — /. Therefore, 



lim 



K ds. 



(6) 



c(j.n,k)\U 



ads ~ 

Jc{j,n,k,S)\U 

where \U denotes restriction to U. 

We are left with the image of /. On the intervals in /, i i— > fn{kt) + 5p{kt) is a 
translate of the function t i-^ —k^t"' — 5t^ , t G [— -^i ■!:] • Using Lemma ^ as in the 
proof of Lemma ^ we need to calculate the number of maxima of the function 

h^{t) = [xt^ + {n- l)yt + (n - l)(ri - 2)z) + St [xt^ + 2yt + 2z) , 

for V — {x,y,z) £ Taking derivatives and assuming a; 7^ we must calculate 
the number of zeros of the polynomial 

h'^{t) = A2 _^ _ i^y_t + (n - l)(n - 2)-W i5 + 2^t + 2-) 

\ X X I \ X X I 

= k^ne-^g{t) + iSr{t), 
where the last equality is used to define the quadratic polynomials g and r. 
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Below we make several observations which together give an estimate on the total 
curvature of the image of /: 

Observation 1: For any u, h'^ cannot have more than 6 real zeros. This fol- 
lows from Descartes' Lemma (see for example Benedetti and Risler Proposition 
1.1.10). 

Observation 2: If — 2xz < then neither g nor r have any real zeros. Hence, 
h'jj does not have real zeros in this case. 

Observation 3: If — 4 (^731) xz > and xz < then both g and r have two 
real zeros on opposite sides of i = 0. Moreover, the zeros of r are closer to t = 
than those of g and t 1-^ t"~^g{t) has a maximum at i = 0. It follows that h'y has 
exactly two real zeros in this case. 

Observation 4'- If — 4 (j^Ejj xz < and — 2xz < then xz > 0, g has no 
real zeros, and r has two real zeros on the same side of i = 0. Denote the zeros of 
r by 6*1 < 6*2. 

Observation 5: If — 4 (^^^Ej ^ xz < and xz > then t t"-^^g{t) has one 
local maximum at t — (j), r has two real zeros Oi < 02, and ((>, 61 and 62 all lie on 
the same side of t = 0. 

If V satisfies |a;| > a, \y\ > a, and \z\ > a, and if n is large enough then \<f)\ > 
max(|6li|, I6I2I): The derivative of 1 1-> f'-^g{t) is 

^ = (n - l)t"-4 (t' + {n- 2)^t + {n - 2)(n - 3)^) , 

which has zeros at 



t = and t = 




It is straightforward to check that the non-zero zeros have distance at least 
(1 — Vl — 2a2) from t ^ 0. The zeros of r are i = — | ± j^^/y"^ ~ 2xz which 
have distance at most ||j from t = 0. Thus, if 

n > 2 (1 - Vl - 2a2j ^ + 2 

then 101 > max(|6li|, \d2\). 

Observation 6: If (5 > is small enough and v satisfies \x\ > a, |y| > a, and 
\z\ > a then, with v as in Observation 4 or Observation 5, ft.^ is monotonic on 
[^ii ^2] (which implies that h'^ has no zeros if v is as in Observation 4 and no more 
than two zeros if v is as in Observation 5): 

The derivative h'^ of h'^ is 

h''(t) = fc"n(n - 1)^-4 ft^ + (n - 2)^i -|- (n - 2)(n - 3)-) + 6(5 f i ^"j 
V X X J \ X J 

= l{t)+i6r'{t), 

where the last equality serves as a definition of /. We must check that this expression 
does not change sign on [6'i,6'2]. On this interval \r' {t)\ < \\J^ ~ 2a^ and \l{t)\ > 
\l (1 — Vl — 2a^) I > 0. It follows that h'^ is monotonic on [di, 6*2] for S small enough. 

We collect the observations above to a proof: Assume v is such that |a;| > a, 
\y\ > a, and \z\ > a. Then Observations 2, 4, and 6 imply that if y^— 4 (^5^) < 
then /it, does not have any maxima, and Observations 3, 5, and 6 imply that if 
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— 4 (^^T^i) xz > then has at most one maxmium. Assume that v is such 
that < a, or \y\ < a, or \z\ < a. Then Observation 1 imphes that has at most 
6 maxima. Thus, by Lemma |l|, 

hm / Kds< Kds + 6B{a)j. (7) 

■5^0 Jc(n,fe,<5)|/ Jc{n,k)\I 

The lemma follows from (|) and (0). □ 

6.4. Proof of Lemma |^. We construct the function / (the function g can be 
constructed in a similar way): 

Let {xitX2:Xz) be coordinates on R'^. To fulfill condition (iv), we must find / 
such that the length of the curve ei(i), < t < S traced out by the unit tangent 
vector oit^ c{t) = {f{t), f'{t), f"{t)) on §^ is arbitrary close to tt. 

Note that c'(t) = (/'(i), /"(t), f"{t)). Condition (i) implies that ei(0) = (1, 0, 0) 
and condition (ii) that ei{S) = (0,0,-1). 

We first make a non-smooth model: Let w — min(u, d) and let K > 1 (ultimately 

we shall take K very large) . Let S — \/ ^ {u + d) and let 



h{t) = 



f- forO<t<./^u 

uw r„„ / 2k , 



.„ for ./^w < i < ./^(li + d). 

Take f"{t) = h(t) on [0,5'] and f"{t) = for other t. With /"(O) = and 
/'(O) = u this defines /' on [— s, 5 + 5]. It is easy to check that 



v/(/')' + {!"? ~ dVK' 
for all t S [— s, 5 + s]. Inequality (^) implies that the curve ei lies entirely inside 
a band around the equator of in the xia;2-plaiie of height (in the a:3-direction) 
less than It follows that the length of the curve ei approaches tt as — > oo. 

It is clearly possible to smooth the above model keeping the total curvature close 

to TT. 

This construction gives the derivative of the desired function. Denote this deriv- 
ative k{t). If /jf k{t) dt = r>0 then we take S' = 3+^ and let f{t) = c+ k{t) dt 
on [0, S] and f{t) = —d{t — S) + r on [S, S'] and we get a function satisfying (a)-(d) 
on —5, S' + s]. U j;^ k{t)dt = r <0 we can proceed in a similar way, changing the 
function close to t = 0. □ 
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